
AUGUST, 1932 PHYSICS VOLUME 3 

Thickness Vibrations of Piezoelectric Oscillating Crystals 
By ISSAC KOGA 

Tokyo University of Engineering 

(Received April 4, 1932) 

For several years, it has been well known that, in the natural vibration of a 
piezoelectric oscillating crystal, there is a certain period proportional only to the 
thickness, but, so far as we are aware, there has been no concrete explanation for 
this vibration nor how its period is connected with the physical constants of the 
medium. The present paper shows that such a vibration, named thickness vibration 
for brevity, is due to the standing wave produced by interference of plane waves 
incident to and reflected from the plane boundary surfaces of the medium, and veri­
fies the theoretical results by several examples. There are three normal modes in the 
thickness vibration, and the corresponding frequencies are given in first approximation 
by a representative formula: P 127f = (qI2a) (cl p)1/2, where q is any integer, a the 
thickness of the plate, p the density and c a certain adiabatic elastic constant de­
pending upon the orientation of the plate with respect to the crystallographic axes 
of the medium. It is not always possible to excite all normal modes of vibration piezo­
electrically. The electrically measured natural frequency of the thickness vibration 
is always a little higher than that calculated by the formula. Adiabatic elastic con­
stants of piezoelectric crystals may be determined in first approximation by measure­
ment of the frequencies of thickness vibrations of plates prepared from given crystals. 

I. INTRODUCTION 

J\ S IS well known, a thin piezoelectric crystal plate has in general many 
flmodes of vibration, but the shortest period of fundamental vibration is 
always dependent only upon the thickness of the plate. We shall name this 
vibration the thickenss vibration. 

Although many papers have been published upon the vibration of piezo­
electric crystal, none has yet pointed out clearly, as far as we are aware, that 
the thickness vibration of thin crystal plate is a mere result of standing 
waves produced by the interference of plane waves, the wave surfaces of 
which are parallel to the boundary surfaces. 

II. EQUATIONS OF MOTIONS IN CRYSTALLINE MEDIA 

The fundamental period of the thickness vibration of a very thin crystal 
plate is dependent almost entirely upon the thickness of the plate, so that 
we may consider the extent of the surfaces to be infinite. 

The free vibration of a thin crystal plate having two parallel plane bound­
ary surfaces is due to the interference of plane waves incident to and re­
flected from those boundary surfaces. In other words, in the thickness vibra­
tion of the crystal plate bounded by the two infinite parallel planes x = 0 and 
x = a, the displacement at any point in the medium is dependent only upon 
x and t, and not upon y and z. Therefore the general equations of motions in 
a crystalline medium, 
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where 

PIEZOELECTRIC VIBRATIONS 

ax x/ax + ax y/ay + axz/az = pazu/ap, ) 

aYx/ax + aYy/ay + aYz/az = pazv/atZ 

azx/ax + aZy/ay + azz/az = paZw/at2, J 

au av aw 

aw av au aw av au 
eyz = -- + -, ezx = - + - , e xy = - + -, 

ay az az ax ax ay 
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(1) 

(2) 

u, v, w, displacement in the direction of x, y, z respectively, p, density of the 
medium, reduce to the very simple forms: 

or further 

ax x azu ay x azv 
-- = p--, -- = p-, 
ax atZ ax at2 

(az/axZ) (Cl1U + CI6V + ClaW) = pa 2u/atZ, 

(az/aXZ)(CI6U + C66V + C56W) = pa 2v/at2, 

(aZ/ax2)(CI5U + C56V + C50W) = pazw/at~. 

N ow let l, m, nand C be so chosen that 

and put 

lCl1 + mCI6 + nCIS = lc ) 

lCI6 + mC66 + nCo6 = mc 

lCI5 + mC56 + nCo5 = nc 

~ = lu + mv + nw, 

(3) 

) (4) 

(5) 

(6) 

then, multiplying the three equations of (4) by t, m, n and adding together, 
we have in the most compact form: 

a2~/af2 = (c/p)(a2~/ax2). (7) 

Eliminating t, m, n between the three equations of (5), we have 
Cl1 - c 

C66 - C =0 (8) 

a cubic equation determining c; let its roots, which are proved to be neces­
sarily real and positive,! be C1, C2, Ca. When C1 is substituted in any two of the 
foregoing equations, the ratios of t:m:n can be derived; let them be denoted 

1 Lord Kelvin, Baltimore Lectures, London, 1904. 
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by 11:ml:nJ, and suppose the corresponding value of ~ to be 6 with similar 
expressions for the other values of c. Then ~J, ~2, and ~a are always proved to 
be perpendicular to each others. 

The solution of (7) is a very simple matter. To determine the normal 
mode of vibration we must assume that ~ varies as a harmonic function of 
the time t 

Then as a function of x, ~ must satisfy 

d2Udx2 + (p2p/C)~ = 0 

of which the complete integral is 

~ = A cos [px(p/c)1/ 2] + B sin [pX(p/C)1/2] 

where A and B are independent of x. 
Now when both boundary surfaces are free from tractions, 

(9) 

(10) 

(11) 

X x = y x = Z x = 0 or auax = 0 at x = 0 and x = a, (12) 

we get 

B = 0 and sin [pa(p/c)1/2] = 0 (13) 

from which 

p/27r = (q/2a)(c/ p)1/2 (14) 

q being integral. 
Accordingly, the normal mode is given by equation of the form 

~ = A cos (q7rx/ a)· eipt (15) 

where A is an arbitrary constant, which may be determined III the usual 
manner, when the initial value of ~ is given. 

Similarly if the medium be bounded by two parallel planes y = 0 and y = a, 
we may replace (5), (8) and (15) by 

lC66 + mC26 + nC46 = lc; lC26 + mC22 + nC24 = mc; [C46 + mC24 + nC44 = nco (16) 

= 0 

~ = A cos (q7rY/ a)· eipt 

and if the medium be bounded by z = 0 and z = a, by 

(17) 

(18) 

lC56 + mC45 + nCa5 = le; lC46 + mC44 + nCa4 = mc; lCa5 + mCa4 + nCaa = nco (19) 

=0 (20) 

C33 - C 

~ = A cos (q7rz/ a)· eipt
• (21) 
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PIEZOELECTRIC VIBRATIONS 73 

It is well known that we can excite one or more of the free thickness 
vibrations by applying an alternating electric field of suitable frequency in 
the direction normal to the boundary surfaces of crystal, provided the crys­
tal plate is prepared so that it is piezoelectrically active; and also that it is 
sometimes possible to sustain a continuous oscillation by properly employing 
the thermionic tube circuit. The ease of maintenance depends considerable 
upon the medium and the orientation of the boundary surf2.ces. 

Fi,;. 1. 

III. THICKNESS VIBRATION OF QUARTZ PLATE 

Of the piezoelectric crystals, quartz is the most familiar to high-frequency 
engineers, so that we may first verify the theory with this medium. In 
quartz, if the coordinate axes be chosen as in Fig. 1, the adiabatic elastic 
constants2 and density are as follows: 

Cll = 85.45 X 1O IO dynes/cm2, 

C33 = 105.67 X 1010 dynes/cm2, 

CI2 = 7.26 X 1010 dynes/cm2
, 

CI3 = 14.37 X lOla dynes/cm2
, 

C44 = 57.09 X lOla dynes/cm2, - CI4 = 16.87 X lOla dyne,/cm2, 

p = 2.65i gram3/cm 3, 

while the relations between applied electric fields and strains are: 

exx = dllE x , ezx = - d14E y, 

eyy = - dllE x , exy = - 2dllE y , 

(22) 

eyZ = d14E", (23) 

dll = 6.45 X 10-8 C.G.S. units, 

- dl4 = 1.45 X 10-8 C.G.S. units. 

(1) In X-cut quartz plate designated by X in Fig. 1, if the boundary 
surfaces be expressed by x=O and x=a, (8) reduces to 

ClI - C 

o 
o 

o o 

2 W. Voigt, Lehrbuch der Kristallphysik, 754 and 789 (1928). 

=0 (24) 
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or 

CI = Cll = 85.45 X 1O IO dynes/cm2
, 

C2, Ca = HCll - C12) + !C44 ± [I HCll - C12) - !C44l Z + C14z jI/2 (25) 

C2 = 67.22 X 1010 dynes/cm2, 

Ca = 28.98 X 1010 dynes/cm2
, 

and the ratio l:m:n corresponding to these values: 

ll:ml:nl = 1:0:0, 

12:)n2:n2 = 0:C2 - C44:C14 = 0: - 0.60: 1, 

la:ma:na = O:ca - C44:C14 = 0:1.67:1. 

The normal modes of. vibration are given by the following equations: 

~ = A cos (q7rx/a)·e iP1
, 

(26) 

(27) 

where ~I=U; b= -0.60 v+w; and ~a=1.67 v+w; while the electric field in 
the direction x cannot excite the displacement ~2 and ~a as is seen from (23), 
so that the period of vibration is 

p/27r = (q/2a)(cll/p)1/2 = q/a X 0.2837 X 106 cycles/sec., (28) 

and the mode of vibration is 

U = A cos (q7rx/a)e ip1 (29) 

that is, the pure longitudinal vibration along the norm2J to the surfaces. 
As an experimental example, a quartz oscillating crystal 0.0922 X2.610 

X2.684 cma (the normal to the major surfaces inclines 7' the axis x) had the 
fundamental frequency of thickness vibration 3.lOX106 cycles/sec., from 
from which we get 

p/27r = (l/a) + 0.0922 X 3.10 X 106 = (l/a) X 0.286 X 106 cycles/sec., (30) 

which is seen to be very near upon the theoretical result (28). 
(2) In V-cut quartz plate designated by V in Fig. 1, if the boundary 

surfaces be expressed by y=O and y=a, (17) reduces to 

or 

HCll - C12) - C 0 0 

0 Cll- C - CIA = 0 

0 - C14 C44 - C 

CI = HCll - C12) = 39.10 X 1010 dynes/cmz, 

C2, Ca = HCll + C44) ± [Hcll - C44)~ + C142]1/2 

C2 = 93.31 X 1010 dyne3/cm2, 

Ca = 49.23 X 1010 dynes/ cm2
, 

and the ratio l: m: n corresponding to these values: 

(31) 

(32) 

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at:

http://scitation.aip.org/termsconditions. Downloaded to ] IP:  131.112.125.217 On: Fri, 13 Dec 2013 05:47:37



PIEZOELECTRIC VIBRATIONS 75 

1 
la:ma:na = 0:C44 - Ca:C14 = 0: - 0.47:1 J 

(33) 

The normal modes of vibration are given by 

~ = A cos (qlfY/ a)· eiJlt (34) 

where ~1 =u, ~2 = 2.15 v+w, and ~a = -0.47 v+w, of which ~2 and ~3 cannot be 
excited piezoelectrically by the electric field in the direction of y axis as is 
clear from (23), so that the displacement is given by 

u = A cos (qlfY/ a)· eipt (35) 

which shows that the vibration is of a pure shear as is pointed out by Pro­
fessor Cady.a 

The frequency of vibration is 

p q (ell - CI2)1/2 q 
- = - --- = - X 0.1919 X 106 cycle3/sec., 
2lf 2a 2p a 

(36) 

while in the experiment with a sample 0.1909X3.200X3.304 cma (the normal 
to the major surfaces inclines 6' to the axis y) the fundamental frequency of 
thickness vibration is 1.02 X 106 cycles/sec., that is 

p/2Jr = 1/a + 0.1909 X 1.02 X 106 = 1/a X 0.195 X 106 cycle3/sec., (37) 

which is also seen to be. very near upon the theoretical result (36). 
(3) In quartz plate cut parallel to a surface of positive rhombohedron 

designated by r in Fig. 1 (say R-cut plate4
), the vibration is observed to be 

extremely vigorous and the third harmonic vibration (q = 3) can often be 
sustained by Pierce circuit," in which an oscillating crystal plate is placed be­
tween grid and filament of a three-electrode thermionic tube. 

To obtain periods and normal modes of thickness vibration, we may first 
transfer the coordinate axes. Let x', y', z', be so chosen that the direction 
cosines of them referred to the original axes be expressed by the orthogonal 
scheme 

x y z 

x' 1 0 0 

y' 0 cos 0 - sin 0 
(38) 

z' 0 sin 0 cos 0 

where 

0= arctan (3 1 / 2/2.200), (39) 

3 W. G. Cady, A shear mode of crystal vibration, Phys. Rev. 29, 617A (1927). 
4 I. Koga, R-cut quartz oscillating crystal plate and the harmonic vibration, Supple­

mentary Issue, Jour. I.E.E. (Japan) to be issued in April (1932). 
5 G. W. Pierce, Piezoelectric crystal resonators and crystal oscilJators applied to the pre­

cision calibration of wave meters, Proc. A.A.A.S. 59, 81-106 (1923). 
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then the axis y' becomes normal to the surface r as shown in Fig. 2. If the 
elastic constants referred to the new axes be denoted bye' hk, values of e's in 
(14) are the roots of 

or 

o 
o 

o o 
=0 

Cl = C66' = C44 sin 2 8 + Hen - C12) cos2 8 - C14 sin 28 

= 62.39 X 1010 dyne3/cm2
, 

C2, C3 = HC22' + C4/) ± [t(C22' - C4/)2 + C2/2]1/2 

and the ratio /: m: n corresponding to these values: 

ll:ml:nl = 1:0:0 

12:m2:n2 = 0:C44' - C2:C2/ 

13: m3: n3 = 0: C44' - C3: C24' 

The normal modes of vibration are given by 

~ = A cos (q7rY'/ a)· e ipt 

) 

(40) 

) ( 41) 

( 42) 

( 43) 

where ~l=U', ~2=(e4/-c2) V'+C2/W', ~3=(e44'-e3) V'+C2/W'. On the other 
hand, the relations (24) transform into the following relations: 

ey'y' = - cos 8(dll cos 8 + dl4 sin 8)E"" 

ez,z, = - sin 8(dn sin 8 + d14 cos 8)Ex" 

eu,z, = (d n sin 28 + d 14)Ex" 

ez,x, = - (d 14 cos 8 - 2d ll sin 8)(Ey' cos 8 + Ez' sin 8), 

eX'Y' = (d14 sin 8 - 2dll cos 8)(E y ' cos 8 + E z ' sin 8), 

(44) 

from which we see that we cannot excite the displacements ~2 and ~3 by the 
electric field along the axis y', consequently the displacement is given by 

U' = A cos (q7ry'/ a) . eipt ( 45) 

which shows that the mode of vibration is of a pure shear. The frequency of 
vibration is 

p/27r = (q/2a)(c66'/p)1/2 = q/a X 0.2424 X 106 cycles/sec., (46) 

while in the experiment with a sample 0.1002 X2.592 X2. 762 cm3 (the normal 
to the major surfaces inclines within l' to the axis y') the fundamental fre­
quency of thickness vibration is 2.47 X 106 cycles/sec., that is 

p/h = 1/a X 0.1002 X 2.47 X 106 = 1/a X 0.247 X 106 cycles/sec., (47) 

which is also seen to be very near the theoretical result (46). 
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PIEZOELECTRIC VIBRA TIONS 77 

There have been published several papers6 on the excitation of harmonic 
viLrations in a resonator, but as far as we are aware, very little work has 
been done on the harmonics of the thickness vibration of a crystal. The 
present crystal plate can often be sustained in its first and third harmonic 
vibrations separately by the Pierce circuit above mentioned. Fig. 3 shows the 
characteristic features of the oscillator. The higher frequency of the vibra­
tions is easily observed by a heterodyne frequency-meter to be just three 
times that of the lower. 
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Examples of dimensions which are suited for the third harmonic vibra­
tions are: 

Dimensions (cma) 

0.093 X 2.56 X 2.57 

0.114 X 2;09 X 2.70 

0.155 X 2.47 X 2.81 

0.185 X 2.77 X 2.98 

Approx. frequency of vibrations (cycles/sec.) 

2.66 X 106 and 2.66 X lOS X 3 

2 . 17 X 106 and 2. 17 X 106 X 3 

1. 59 X 106 and 1. 59 X 106 X 3 

1. 34 X 106 and 1. 34 X 106 X 3. 

I (48) 

J 

(Inclinations of the major surfaces to the x'z' plane are generally not greater 
than 10'). 

(4) If the boundary surfaces are parallel to surfaces of a negative rhom­
bohedron designated by r' in Fig. 1, normal modes and frequencies of vibra­
tion can be studied as in the previous case. The only difference is the reversal 
of the sign of e in Fig. 2. Thus 

and 

CS6' = C44 sin 2 8 + HCll - C12) cos2 8 + C14 sin 28 

= 29.59 X 1010 dynes/cm2, 

(49) 

p/21r = (q/2a)(C6s'/p)I/2 = q/a X 0.1670 X lOS cycles/sec. (50) 

6 E. Giebe and A. Scheibe, Sichtbarmachung von hochfrequenten Longitudinalschwin­
gungen piezo-elektrischer Kristallstaebe, Zeits. f. Physik 33,335 (1925). 
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The displacement 

tt' = A cos (q7rY'/ a) . Cip! (51) 

gives a pure shear vibration. 
From the experiment with a sample 0.0765X2.76X3.19 cm3 (the normal 

to the major surfaces inclines 5' to the axis y') the frequency of vibration is 
2.20 X 106 cycles/sec., that is 

p/h = 1/a X 0.0765 X 2.20 X 106 = 1/a X 0.168 X 106 cycles/sec., (52) 

which is very near the theoretical result (50). 
It is seen above that the frequency of vibration of a piezoelectric oscillat­

ing crystal is always a little higher than that calculated from the elastic con­
stants. This small difference must be, to a certain extent, due to the finiteness 
of the boundary surfaces of plate, but it is not overlooked that the frequency 
of pure mechanical vibration is different from that as a piezoelectric oscillat­
ing crystal. In fact, when the crystal plate is excited to vibrate with its 
natural vibration, the equivalent elastic constants become slightly greater 
than that which is determined elastostatically. For example, by a strain exx , 

besides the stress Cllexz , the polarization of Ellexx is produced, En being the 
piezoelectric constant, so that the crystal, being acted upon by the electric 
field 47rEnexx/ K, where K is the dielectric constant, has a stress 47fEn2exx/ K, 
which adds to the above-mentioned stress CnCxx• Consequently the resultant 
adiabatic elastic constant cno becomes 

47rE112 { 47r X (4.77 X 104)2} 
ClIO = C11 + --- = Cn 1 + = C11(1 + 0.0074). (53) 

K 85.45 X 1010 X 4.5 

In other words, to replace a quartz oscillating crystal by an equivalent 
electrical network,7 we must, as shown in Fig. 4, consider Cl , which represents 
the capacity of the quartz as a mere dielectric, parallel to the series resonance 

;I. 

n y R. 
x 

:J 

Fig. 4. Fig. 5. 

circuit La, Co, Ro representing the mechanical vibrating system. If such is the 
case, we can easily understand that the electrically measured natural fre­
quency of vibration determined by La, Co, Cl , is always higher than that de­
termined by La, Co. The ratio Co: Cl , is in general, not greater than 1/100. 

7 D. W. Dye, Piezoelectric quartz resonator and equivalent electrical circuit, Proc. Phys. 
Soc. London 38, 399--457 (1926). 
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PIEZOELECTRIC VIBRATIONS 79 

IV. THICKNESS VIBRATION OF TOURMALINE PLATE 

Tourmaline is not yet widely used as a piezoelectric oscillating crystal, 
and we have no occasion to investigate by fine crystal, but we can foresee 
the normal modes and frequencies of vibration in the first approximation. 

The adiabatic elastic constants referred to the coordinate axes shown in 
Fig. 5 are composed of the same scheme with (22), the numerical values being 

Cll = 270.17 X 1010 dynes/cm2, 

C33 = 160.69 X 1010 dynes/cm 2
, 

C44 = 66.71 X 1010 dynes/cm2, 

C12 = 69.06 X 1010 dynes/cm2, 

CI3 = 8.83 X 1010 dynes/cm2, 

- CI4 = 7.75 X 1O IO dynes/cm2, 

P = 3.100 grams/cm3 

while the relations between electric fields and strains are: 

C xx = - d22Ey + d31 E 2 , C yZ = d l5E y, 

C yy = d22 Ey + d3Ez, Czx = d l5E x, 

- d22 =0.69 X 10-8 C.G.S. units, d31 = 0.74 X 10-8 C.G.S. units 

d33 = 5.78 X 10-8 e.G.S. units, d l5 = 11.0! X 10-8 C.G.S. units 

(54) 

(55) 

(1) If the boundary surfaces of plate be z = 0 and z = a, (20) reduces to 

or 

o 
o 

o o 
C44 - C 0 = 0 

o C33 - C 

CI = C2 = C44 = 66.71 X 1010 dynes/cm2, } 

C3 = C3a = 160.69 X 1010 dynes/cm2, 

and the ratio I: m: n corresponding to these values: 

II : ml : nl = 1: 0: 0 

12 : m2 : n2 = 0: 1 : 0 

la : m3 : na = 0: 0 : 1 

The normal modes of vibration are given by the following equations: 

b = U = A cos (q1fx/ a)· cipt, 

h = v = A cos (q1fx/ a)· c ipt , 

h = w = A cos (q1fx/ a)· ciPt , 1 

(56) 

(57) 

(58) 

(59) 

of which w can only be excited piezoelectrically by the electric field along the 
axis z, as is seen from (55). Accordingly the vibration is of a pure longitudinal. 
The corresponding frequency of vibration is 

p/21f = (q/2a)(Caa/p)1/2 = (q/a) X 0.3600 X 106 cycles/sec. (60) 
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(2) If the boundary surfaces of plate be x = 0 and x = a, (8) reduces to 

or 

Cll - C 

o 
o 

o o 
=0 

CI = Cll = 270.17 X 1O IO dynes/cm2, 1 

C2, Ca = HCll - C12) + tC44 ± [1 HCll - C12) - tCHl
z + Cl4

2 P/2 ) 
C2 = 102.25 X 1010 dynes/ cmz, 

Ca = 65.03 X 1010 dynes/cmz, 

and the ratio I: m: n corresponding to these values: 

ll:ml:nl = 1:0:0 

12:m2:n2 = 0:C2 - C44:C14 = 0: - 4.59:1 

la:ma:na = O:ca - C44:C14 = 0:0.22:1 

The normal modes of vibration are given by the following equations: 

~ = A cos (q·TrX/ a)· eipt 

(61) 

(62) 

(63) 

(64) 

where 6 = U, ~2 = -4.59 v+w, ~a = 0.22 v+w, while the electric field in the 
direction x cannot excite the displacement ~I and can hardly excite ~2 as is 
seen from (56), and the periods of ~2 and ~3 are: 

p/27r = (q/2a)(c2/p)1/ 2 = q/a X 0.2872 X 106 cycles/sec., (65) 

p/h = (q/2a)(Cajp)1/ 2 = q/a X 0.2290 X 106 cycles/sec. (66) 

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at:

http://scitation.aip.org/termsconditions. Downloaded to ] IP:  131.112.125.217 On: Fri, 13 Dec 2013 05:47:37




