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Thickness Vibrations of Piezoelectric Oscillating Crystals
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Tokyo University of Engineering
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For several years, it has been well known that, in the natural vibration of a
piezoelectric oscillating crystal, there is a certain period proportional only to the
thickness, but, so far as we are aware, there has been no concrete explanation for
this vibration nor how its period is connected with the physical constants of the
medium. The present paper shows that such a vibration, named thickness vibration
for brevity, is due to the standing wave produced by interference of plane waves
incident to and reflected from the plane boundary surfaces of the medium, and veri-
fies the theoretical results by several examples. There are three normal modes in the
thickness vibration, and the corresponding frequencies are given in first approximation
by a representative formula: P/27=(g/2a) (¢/p)'/?, where ¢ is any integer, a the
thickness of the plate, p the density and ¢ a certain adiabatic elastic constant de-
pending upon the orientation of the plate with respect to the crystallographic axes
of the medium. It is not always possible to excite all normal modes of vibration piezo-
electrically. The electrically measured natural frequency of the thickness vibration
is always a little higher than that calculated by the formula. Adiabatic elastic con-
stants of piezoelectric crystals may be determined in first approximation by measure-
ment of the frequencies of thickness vibrations of plates prepared from given crystals.

I. INTRODUCTION

S IS well known, a thin piezoelectric crystal plate has in general many

modes of vibration, but the shortest period of fundamental vibration is
always dependent only upon the thickness of the plate. We shall name this.
vibration the thickenss vibration.

Although many papers have been published upon the vibration of piezo-
electric crystal, none has yet pointed out clearly, as far as we are aware, that
the thickness vibration of thin crystal plate is a mere result of standing
waves produced by the interference of plane waves, the wave surfaces of
which are parallel to the boundary surfaces.

II. EQuaTiONs OF MOTIONS IN CRYSTALLINE MEDIA

The fundamental period of the thickness vibration of a very thin crystal
plate is dependent almost entirely upon the thickness of the plate, so that
we may consider the extent of the surfaces to be infinite.

The free vibration of a thin crystal plate having two parallel plane bound-
ary surfaces is due to the interference of plane waves incident to and re-
flected from those boundary surfaces. In other words, in the thickness vibra-
tion of the crystal plate bounded by the two infinite parallel planes x =0 and
x=a, the displacement at any point in the medium is dependent only upon
x and {, and not upon y and z. Therefore the general equations of motions in
a crystalline medium,
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0X./dx + 39X ,/dy + 0X./0z = pd?u/ds?,
0Y./0x + 3Y,/0y + 3Y./9z = pd%/de (1)
0Z./0x + 90Z,/3y + 0Z./0z = pd?w/08, |

where

X: = cuezs + craeyy + crze.: + craey. + ciseer + Crezy,

Xy = C61€z2 + Ce2€yy + C63€:2 + C64€y, + C65C2 + Ce6€ 2y,

Chk = Ckhy )
du dv dw @
Cre = —1 €y = —> €y = ——)
dx dy 0z
Jw n dv du + Jow dv  OJu
byy=—+— €0 = —+-— ey=—+—,
PP 3 ox T ax ' ay

u, v, w, displacement in the direction of x, v, z respectively, p, density of the
medium, reduce to the very simple forms:

axX. 0% dY. % 9Z, J2w
el Al il i el R
or further
(8%/8x%) (et + c1ev + cr1zw) = pdiu/ 12,
(8% 0x%) (crem + cosv + c56w) = pdty/OL2, l (4)

(0%/3x%) (cysmt + co6v + Cisw) = pd2w/9L3.
Now let [, m, n and ¢ be so chosen that
ley + meye + neys = e
me (5)

lCl5 + MCse + HCps = HC

Il

lcig + mege + ness

and put
£ =lu+ mv + nw, (6)

then, multiplying the three equations of (4) by I, m, #» and adding together,
we have in the most compact form:

A%/ 0t* = (¢c/p)(0%/9x7). (M
Eliminating I, m, n between the three equations of (3), we have
€11 — ¢ C16 C15
Cls Co6— € Css =0 (8)
C1s Cse €55 — C

a cubic equation determining c; let its roots, which are proved to be neces-
sarily real and positive,! be ci, ¢z, c3. When ¢; is substituted in any two of the
foregoing equations, the ratios of [:m:n can be derived; let them be denoted

1 Lord Kelvin, Baltimore Lectures, London, 1904.
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by Li:m;:n;, and suppose the corresponding value of & to be & with similar
expressions for the other values of ¢. Then &, &, and £; are always proved to
be perpendicular to each others.

The solution of (7) is a very simple matter. To determine the normal
mode of vibration we must assume that £ varies as a harmonic function of
the time ¢

£ girt, (9
Then as a function of x, £ must satisfy
a*#/dx* + (p*o/c)t = 0 (10)
of which the complete integral is
£ = A cos [pr(p/c)V'2] + Bsin [px(o/c)'/?] (11)

where A and B are independent of x.
Now when both boundary surfaces are free from tractions,

X,=Y.,=Z,=00r0dt0x=0at x=0and x = g, (12)

we get
B = 0 and sin [pa(p/c)12] = 0 (13)
from which
p/2m = (q/2a)(c/p)"'* (14)
g being integral. :
Accordingly, the normal mode is given by equation of the form
£ = A cos (qgrx/a)-eivt (15)

where A is an arbitrary constant, which may be determined in the usual
manner, when the initial value of £ is given.

Similarly if the medium be bounded by two parallel planes y=0and y =g,
we may replace (5), (8) and (15) by

Icgs + meos -+ ncag = lc; legs + meos 4 meas = mc; lesg + meas + ney = ne. (16)

Ceg — C C26 C4p
C26 22 — C Ca4 =0 (17)
Cy6 Cay Cyy — C

& = A cos (gmy/a)-eirt (18)

and if the medium be bounded by z=0 and z=¢, by

l655 + m.545—|— NC3z5 = lC, lC45 + MC 44 + NC3y = M, l635 + MC34+ #Cg3 = 7NC. (19)

Css — € C45 €35
C45 C44 — € C34 = O (20)
€35 C34 €33 — €

& = A cos (grz/a) - eirt, 21
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It is well known that we can excite one or more of the free thickness
vibrations by applying an alternating electric field of suitable frequency in
the direction normal to the boundary surfaces of crystal, provided the crys-
tal plate is prepared so that it is piezoelectrically active; and also that it is
sometimes possible to sustain a continuous oscillation by properly employing
the thermionic tube circuit. The ease of maintenance depends considerable
upon the medium and the orientation of the boundary surfeces.

Fig. 1.

II1. THICKNESS VIBRATION OF QUARTZ PLATE

Of the piezoelectric crystals, quartz is the most familiar to high-frequency
engineers, so that we may first verify the theory with this medium. In
quartz, if the coordinate axes be chosen as in Fig. 1, the adiabatic elastic
constants? and density are as follows:

¢y = 85.45 X 101%dynes/cm?, c1a = 7.26 X 10'" dynes/cm?,

cs3 = 105.67 X 10° dynes/cm?, c13 = 14.37 X 101 dynes/cm?,

¢y = 57.09 X 10'° dynes/cm?, — ¢4 = 16.87 X 10! dynes/cm?, (22)
p = 2.65% grams/cm3,
while the relations between applied electric fields and strains are:
Crz = dllEz, Crp = — d14Ey, ]
eyy = — dukll,, e,y = — 2dyE,,
€y: = diakiy, (23)

diy = 6.45 X 1078 C.G.S. units,
— dyy = 1.45 X 108 C.G.S. units.

(1) In X-cut quartz plate designated by X in Fig. 1, if the boundary
surfaces be expressed by x =0 and x =a, (8) reduces to

i — ¢ 0 0
0 (e — o) — ¢ C14 =0 (24)
0 C1a Cas = €
‘2 W. Voigt, Lehrbuch der Kristallphysik, 754 and 789 (1928).
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or

¢1 = ¢ = 85.45 X 10'° dynes/cm?,

€2, C3 = %(611 - 612) + %644 + [{i(vl_l - 612) - %544}2 + 6142]”2 I (25)
ca = 67.22 X 10" dynes/cm?,
€3 = 28.98 X 10'° dynes/cm?, J

and the ratio [:m:m corresponding to these values:
Liimyiny, = 1:0:0,
loimaing = 0lce — cuics = 0:— 0.60:1, (26)
lzimging = 0icy — casicyy = 0:1.67:1, ]
The normal modes of vibration are given by the following equations:
£ = A cos (gmx/a) e, 27

where &, =u; £2=—0.60 v4+w; and £3=1.67 v+w; while the electric field in
the direction x cannot excite the displacement £; and &; as is seen from (23),
so that the period of vibration is

/27 = (¢/2a)(cn/p)V? = q/a X 0.2837 X 10° cycles/sec., (28)
and the mode of vibration is
# = 4 cos (qgrx/a)eirt (29)

that is, the pure longitudinal vibration along the normal to the surfaces.

As an experimental example, a quartz oscillating crystal 0.0922 X2.610
X 2.684 cm?® (the normal to the major surfaces inclines 7’ the axis x) had the
fundamental frequency of thickness vibration 3.10X10% cycles/sec., from
from which we get

p/2r = (1/a) 4+ 0.0922 X 3.10 X 10° = (1/a) X 0.286 X 10% cycles/sec., (30)

which is seen to be very near upon the theoretical result (28).
(2) In Y-cut quartz plate designated by Y in Fig. 1, if the boundary
surfaces be expressed by y=0 and y=a, (17) reduces to

%(Cn hand 612) - C 0 0
0 Cyy— € — C14 = () (31)
0 — €14 C44 — C

or
¢1 = §e1 — c12) = 39.10 X 10! dynes/cm?,
C2, (3 = %(611 + 644) + [%(611 - 644)2 + 6142]”2 1 (32)
c2 = 93.31 X 10'° dynes/cm?, [
c3 = 49.23 X 10'° dynes/cm?, )

and the ratio /:m:n corresponding to these values:
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litmyin, = 1:0:0 ]
loimging = Olcyy — cotcy = 0:2.15:1 (33)
Igimaing = 0lcag — csicia = 01 — 0.47:1 JI
The normal modes of vibration are given by
£ = Acos (qry/a) e (34)

where £, =u, £,=2.15v4w, and &= —0.47 v+4w, of which £ and £; cannot be
excited piezoelectrically by the electric field in the direction of y axis as is
clear from (23), so that the displacement is given by

u = A cos (gry/a)-ei?t (35)

which shows that the vibration is of a pure shear as is pointed out by Pro-
fessor Cady.?
The frequency of vibration is

€y — 12\ 2

?_ i( 1 E) -4 X 0.1919 X 108 cycles/sec., (36)
2r  2a 2p a

while in the experiment with a sample 0.1909 X 3.200 X 3.304 cm® (the normal

to the major surfaces inclines 6’ to the axis ¥) the fundamental frequency of

thickness vibration is 1.02 X 10 cycles/sec., that is

p/20 = 1/a + 0.1909 X 1.02 X 105 = 1/a X 0.195 X 10° cycles/sec., (37)

which is also seen to be.very near upon the theoretical result (36).

(3) In quartz plate cut parallel to a surface of positive rhombohedron
designated by 7 in Fig. 1 (say R-cut plate*), the vibration is observed to be
extremely vigorous and the third harmonic vibration (g=3) can often be
sustained by Pierce circuit,® in which an oscillating crystal plate is placed be-
tween grid and filament of a three-electrode thermionic tube.

To obtain periods and normal modes of thickness vibration, we may first
transfer the coordinate axes. Let x/, ¥', 2/, be so chosen that the direction
cosines of them referred to the original axes be expressed by the orthogonal
scheme

| Xy 4
21 0 0
. (38)
¥ |0 cosf —sing
g’ |0 sin@ cosd
where
6 = arctan (31/2/2.200), (39)

3 W. G. Cady, A shear mode of crystal vibration, Phys. Rev. 29, 617A (1927).

4], Koga, R-cut quartz oscillating crystal plate and the harmonic vibration, Supple-
mentary Issue, Jour. I.LE.E. (Japan) to be issued in April (1932).

5 G. W. Pierce, Piezoelectric crystal resonators and crystal oscillators applied to the pre-
cision calibration of wave meters, Proc. A.A.A.S. 59, 81-106 (1923).
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then the axis y’ becomes normal to the surface » as shown in Fig. 2. If the
elastic constants referred to the new axes be denoted by ¢’n, values of ¢'s in
(14) are the roots of

cee' — ¢ 0 0
0 ¢ — ¢ Cay =0 (40)
cad cadd — ¢
or
€L = ¢es’ = cag5in? @ F 3(c;1 — c12) cos2 O — ¢145in 26
= 62.39 X 10 dynes/cm?, (41)
Co, €3 = 3(cas’ + cat’) + [Elea’ — cas')? + cis2]112
and the ratio /:m:n corresponding to these values:
Liimying = 1:0:0 ]
lotmaing = 0lcy — caicad (42)
Iyimaing = 0:cy — c3ic2d
The normal modes of vibration are given by
£ = A cos (gry’/a)- et (43)

where & =u’, £2=(cas’ —¢2) V' +Caa'w’, E3=(ca’ —¢3) v'+c24'w’. On the other
hand, the relations (24) transform into the following relations:

€yt = duEx',

eyy = — cos8(dy1cos 0 + dyysin0)E,,

Cpry = — Sln 0(d11 sin 6 + dy4 cos G)EI” (44)
eyyr = (d11sin 20 + d1)E.,

€ = — (d1acos 0 — 2dy; sin 6) (£, cos 8 + E. sin §),

ey = (d1asin @ — 2dyy cos 0)(Ey cos 6 + E, sin§),

from which we see that we cannot excite the displacements £, and £&; by the
electric field along the axis 3, consequently the displacement is given by

u' = A cos (qgry’/a) - eirt (45)

which shows that the mode of vibration is of a pure shear. The frequency of
vibration is

2/ 2r = (q/2a)(ced’/p)V? = ¢/a X 0.2424 X 10% cycles/sec., (46)

while in the experiment with a sample 0.1002 X2.592 X 2.762 cm?® (the normal
to the major surfaces inclines within 1’ to the axis y’) the fundamental fre-
quency of thickness vibration is 2.47 X 108 cycles/sec., that is

p/27 = 1/a X 0.1002 X 2.47 X 10¢ = 1/a X 0.247 X 10° cycles/sec., (47)

which is also seen to be very near the theoretical result (46).
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There have been published several papers® on the excitation of harmonic
vibrations in a resonator, but as far as we are aware, very little work has
been done on the harmonics of the thickness vibration of a crystal. The
present crystal plate can often be sustained in its first and third harmonic
vibrations separately by the Pierce circuit above mentioned. Fig. 3 shows the
characteristic features of the oscillator. The higher frequency of the vibra-
tions is easily observed by a heterodyne frequency-meter to be just three
times that of the lower.

B O J
A N |
\| . L reency by
L A ele \I 0.159u10" eycle
\
N
“ \‘\ I — =
200 4 I~/
& | Radio Co. ’
Cymotron Precision Type
Tx-201-A /Variable Air Condanser
N € 1500 puF in 2500 div. / T
T Ma \Weston Thermoommeter 1
0 - -]l|l Mode) 507 300 mA
Qé‘:':;?;‘f::‘“f’ Yo ¢ Milliammeter ; 4 1o
H - orsEnastaze) em? 4
Vi /
J /
| / - /
[ —C in div.
° 160 200 1100 { 1900 2000 2100

Fig. 3.

Examples of dimensions which are suited for the third harmonic vibra-
tions are: '

Dimensions (cm?®) Approx. frequency of vibrations (cycles/sec.)
0.093 X 2.56 X 2.57 2.66 X 10% and 2.66 X 10% X 3 z
0.114 X 209 X 2.70 2.17 X 10% and 2.17 X 10% X 3 f (48)
0.155 X 2.47 X 2.81 1.59 X 10% and 1.59 X 10% X 3 ’
0.185 X 2.77 X 2.98 1.34 X 10% and 1.34 X 10% X 3. )

(Inclinations of the major surfaces to the 'z’ plane are generally not greater
than 10%).

(4) If the boundary surfaces are parallel to surfaces of a negative rhom-
bohedron designated by »’ in Fig. 1, normal modes and frequencies of vibra-
tion can be studied as in the previous case. The only difference is the reversal
of the sign of # in Fig. 2. Thus

ces' = caasin? b + 1{cyy — c1z) cos? O + ¢148in 28 (49)
= 29.59 X 10 dynes/cm?,
and
p/2r = (¢/2a)(ces’/p)V? = ¢/a X 0.1670 X 10° cycles/sec. (50)

¢ E. Giebe and A. Scheibe, Sichtbarmachung von hochfrequenten Longitudimalschwin-
gungen piezo-elektrischer Kristallstaebe, Zeits. f. Physik 33, 335 (1925).
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The displacement
' = A cos (gry'/a)-eirt (51)

gives a pure shear vibration.

From the experiment with a sample 0.0765X2.76 X3.19 cm?® (the normal
to the major surfaces inclines 5’ to the axis y’) the frequency of vibration is
2.20 X 10% cycles/sec., that is

p/2r = 1/a X 0.0765 X 2.20 X 10° = 1/a X 0.168 X 10° cycles/sec., (52)

which is very near the theoretical result (50).

It is seen above that the frequency of vibration of a piezoelectric oscillat-
ing crystal is always a little higher than that calculated from the elastic con-
stants. This small difference must be, to a certain extent, due to the finiteness
of the boundary surfaces of plate, but it is not overlooked that the frequency
of pure mechanical vibration is different from that as a piezoelectric oscillat-
ing crystal. In fact, when the crystal plate is excited to vibrate with its
natural vibration, the equivalent elastic constants become slightly greater
than that which is determined elastostatically. For example, by a strain e,
besides the stress cie.,, the polarization of eje,. is produced, €; being the
piezoelectric constant, so that the crystal, being acted upon by the electric
field 4mene../K, where K is the dielectric constant, has a stress 4mwen’e../K,
which adds to the above-mentioned stress ¢ne,,. Consequently the resultant
adiabatic elastic constant ¢;,° becomes

d7ey,? 47 X (4.77 X 1042
n" = en+———=-cuy1
K 85.45 X 1019 X 4.5

} = ¢uu(1 + 0.0074). (53)

In other words, to replace a quartz oscillating crystal by an equivalent
electrical network,” we must, as shown in Fig. 4, consider Cy, which represents
the capacity of the quartz as a mere dielectric, parallel to the series resonance

Fig. 4.

circuit Lo, Cy, R, representing the mechanical vibrating system. If such is the
case, we can easily understand that the electrically measured natural fre-
quency of vibration determined by Ly, Co, Ci, is always higher than that de-
termined by Lo, C;. The ratio Co:Cy, is in general, not greater than 1/100,

7 D. W. Dye, Piezoelectric quartz resonator and equivalent electrical circuit, Proc. Phys,
Soc. London 38, 399457 (1926).
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IV. THiCKNESs VIBRATION OF TOURMALINE PLATE

Tourmaline is not yet widely used as a piezoelectric oscillating crystal,
and we have no occasion to investigate by fine crystal, but we can foresee
the normal modes and frequencies of vibration in the first approximation.

The adiabatic elastic constants referred to the coordinate axes shown in
Fig. 5 are composed of the same scheme with (22), the numerical values being

e = 270.17 X 10! dynes/cm?, c13 = 69.06 X 10 dynes/cm?,
ca3 = 160.69 X 10! dynes/cm?, c13 = 8.83 X 10'° dynes/cm?, (59
€y = 66.71 X 1010 dynes/cm?, — ¢y = 7.75 X 10 dynes/cm?,
p = 3.100 grams/cm?
while the relations between electric fields and strains are:
€rz = — dpklly, + ds1Eey, ¢y, = disE,,
eyy = duE, + dyE., eis = dysEs,
€. = daak,, €y = — 2d2E,, (55)
— dy2 =0.69 X 108 C.G.S. units, d3; = 0.74 X 103 C.G.S. units
dss = 5.78 X 1078 C.G.S. units, dis = 11.04 X 10~ C.G.S. units

(1) If the boundary surfaces of plate be z=0 and z=¢, (20) reduces to
Caa — € 0 0
0 €y — ¢ 0 =0 (56)
0 0 C33 — €
or
61 = €y = ¢4y = 66,71 X 10'9 dynes/cm?, } 57)
c3 = ¢33 = 160.69 X 10'° dynes/cm?,
and the ratio /:m:n corresponding to these values:
Lhimying=1:0:0
loimgimg = 0:1:0 (58)
Iy imging = 0:0:1
The normal modes of vibration are given by the following equations:
£ = u = A cos (grx/a) e,
£3 = v = A cos (grx/a) e, (59)
& = w = A cos (grx/a) - ei?t,

of which w can only be excited piezoelectrically by the electric field along the
axis 2, as is seen from (55). Accordingly the vibration is of a pure longitudinal.
The corresponding frequency of vibration is

b/ 2 = (g/2a)(cas/p)V1* = (g/a) X 0.3600 X 10 cycles/sec. (60)
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(2) If the boundary surfaces of plate be x=0 and x=q, (8) reduces to

€11 — C 0 0
0 %(611 - 612) —C C14 =0 (61)
0 €14 C4g — C

or
61 = ¢y = 270.17 X 10'° dynes/cm?,

Ca, 63 = You — c12) + Feas £ [{3len — 1) — o) ? + cua?]'2

—

(62)
c2 = 102,25 X 10'® dynes/cm?,
c3 = 65.03 X 10! dynes/cm?,
and the ratio l:m:n corresponding to these values:
Liimying = 1:0:0
lotmaing = 0ice — cysicyy = 01 — 4.59:1 l (63)

13:M3:n3 = 0:63 — C44:C14 = 0:0.22:1
The normal modes of vibration are given by the following equations:
£ = A cos (grx/a)-eirt (64)

where &,=u, 3= —4.59 v+w, £5=0.22 v+w, while the electric field in the
direction x cannot excite the displacement £ and can hardly excite &; as is
seen from (56), and the periods of £; and &; are:

/21 = (g/2a)(ce/p)"'? = g/a X 0.2872 X 10° cycles/sec., (65)
p/27 = (g/2a)(cs/p)!* = q/a X 0.2290 X 10° cycles/sec. (66)

1l





