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The Input Impedances of Slit Antennas.
By

Shintaro Uda and Yasuto Mushiake.

§ 1. Introduction

Various works on the calculation of the radiation impedances of slit antennas
have been carried out by several investigators.>®  But they used only the so-
called “M.M. F. method ” which corresponds to the so-called “E. M. F. methed "
generally used in the theoretical treatment of ordinary linear antennas.

The “E. M. F. method” is not essentially quite accurate because the
process is based on the assumption of unknown current distribution. Whereas,
Hall‘n's method,® under which the impedances are calculated directly from the
ratios of the applied voltages to the determined input currents by using
Maxwell's fundamental equations and boundary conditions, seems to be the
more accurate and important. Therefore in order to solve the problems of slit
antennas it is also better not to use the “M. M. F. method” which needs.
assuming magnetic current distributions.

In this paper we considered at first general relations existing between the
electromagnetic field due to holes in a perféc’dy conducting infinite plane and
the field due to the dual plates which have the same shapes as the holes by
introducing - magnetic perfect conductor. Next by using these relations we
calculated directly the input impedance of a slit antenna from the voltage and
current relation without using the idea of radiating power used as in “M.M.F.
method ”. And finally general relations between the intut impedances of slit
" antennas and those of plate antennas which are dual with the slits were made
clear. '

-
§ 2. Duality between two electromagnetic fields due to interchauging
electric and magnetic current sources with each ofher.

Suppose that any number of electric perfect conductors and magnetic perfect
conductors be placed in a homogeneous isotropic medium whose eiectromagnetic

constants are respectively &¢ and u. Let S;, S,,---.-.be the surfaces of these
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S. Uda and Y. Mushiake 47
electric perfect conductors, and S;*, S,%......be those of magnetic perfect
conductors, the field equations and the conditions for continuity of electric ar_xd

magnetic charges can be written as follows:

V X E+jopH=—]3%,
VX H—(joé+a)E=Ju,

%

oHe=P—
\Y w .
r
V'E:—%z

Ve Jy¥+ jop*=0,
V"]u‘{‘.jf')( 1+ ‘]-:):g > p=0,

where J,, J,* are electric and magnetic current sources respectively, and we
assume that the distribution of these sources is given independently of other
quantities and that their origins are outside of our considerations. Also & is the
dielectric constant, p the permeability, ¢ the conductivity, p, p* the electric and
magnetic charge densities reSpectivels}, and M. K.S. rational unit system is used.
Unless otherwise noticed, we use the same notations as in Stratton’s “Electro-
magnetic Theory "V except the time factor which are substituted by e’
Furthermore we must take following relations as boundary conditions.

Exn=Hen=0, (over S;, Sy,------), }(2)
Hxn:=FEn=0, (over §;%, S,%,......)

° Let El-:E H1=G in
(A) of Fig. 1 be the elec-

tromagnetic field vectors

I=-IM

in the case where electric
‘and magnetic current dist-

ributions are given hy the

equations
(AD Fig. 1 = E |
Daal electromagnetic fields due to interchanged Jo=N, Ji*=M, }(’ 3)
source distributions and boundary eonditions. p=mn, p*=m
where
Ve M+ jont =0, ‘
. (4
v-N+Jm<1 + .F’-:> n=0, }< )
Jwé
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48 The Inpui Impedances of Slit Antennas

Then F, G satisfy the field equations

VX F+jouG=—M, : )
VX G—jwE+a)F=N. )

veG=-"", (55
- o | ;

- n
V.F:_é_' l

ana the boundary conditions become

FX”:G.”:O, (over Sl; Sg,~--~--), }(6)
Gxn=Fn=0, (over §¥ S.,%......) :
Let us put
s, 7
y=_ jo__ ' Lz
# J

Interchanging the order of arrangement of the equations (5) and modifying
them, it gives

VX (=G)+joplyF)=—N,

VX (yF)—(jwf+a)(—G)=(—vM),
1+-2
f 22 s
Ve (~Gy=— (T
e (142"
\ Joc /

(1)8
. \ —ym (9
11 jw&

Again, let E,, H, in (B) of Fig. 1 be the electromagnetic fields due to the
new source distributions given in the following equation (10) in the same space
as in the preceding case except for the difference of boundary conditions which
are caused by converting electric perfect conductors into magnetic perfect

conductors and vice versa.
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J=—oM, =N, |

o TYm k(14 O 3

p . Fk_f’;__ﬁ, P \1 + Jok >n (10)/
+ ].(06

If we compare Egs. (8) (9) (10) with Egs. (1) (4) (3) we can easily find
the relations

H;{::ryF:n/El )

Because E, and H, satisfy not only the field equations, but also new bouh-
dary conditions in virtue of the relations given in Egs. (6), (8). '

Thus it can be verified that there exists the relation of duality between two
electromagnetic fields due to the distributions interchanging electric and magn-
etic .current sources.

§ 3. E-symmetry and H-symmetry.™

We will discuss about symimetrical and ahti-symme_t_rical components of an
electromagnetic field with respect to the plane x=0 in rectangular coordinates.
x Y, 2 .

For simplicity, let us denote a three-dimensional function E (x, y, z) by
E(x). Then we can separate E (x) as follows:

E <x>=%—~[ § §Ea() —Eul ~2) |+ { By () + EL—0) ]+ | Eu() 4 B =) }

—%{ i { Ex(2)+ Eo( —2)} +7 { EX)—~E—2)} +k { E(x)— E(—x) i} (12)

[

The first bracketed term-in the right-hand side of this equation is. symme-.
trical and the second is antisymmetrical. Representing these two components of
E (x) by the notations, E; (x), E, (x) respectively, Eq. (12) becomes

E(x)=E; (x)+Ea (x) : (13)

Similarly H (%), J () etc. can be separated into two components, and hence
Egs. (1) can be transformed to

gv > Ea+j0)FIL+]OS€G § -+ {V X Es—f—i&)/.bHa’l"]Oa*} = 0}

. o ) (14
iVX Hy— (o€ +o)Eo—Jwu!+ | VX Ho— (jowE+ o) Es—Jos} =0 )

“Let vx E, (x) be the value of yxE, for x, then from its definition we find

(49)



50 The Input Impedances of Slil Antennas

B (sl e OEe(®) _ PEy() . [ GE=(=x) _ aE,_Lg_(_:g_)__} i

{VXE“ ] = A R S 7
‘:"—"{VxEn("‘x)}w;

I } o PBw(x) _ 0Ew(x) _ 9Fwm(—i) _ OEe(—%) ?

= { VXE('—x)}?,,
Likwise

{\7 X E, (%) }s = '{ X Ea(—%) ,»

z

These relations show that the vector vx E, is symmetrical with respect to
the plane x=0. In the same manner we can show that VxH, is symmetrica.l,
and that Vx E, VxH, are anti-symmetrical.

Furthermore, if the structure of space is symmetrical, Eq. (14) are indepen-
dent of the sign of x. Take one-half of the sum and the difference.of two sets |
of equations, one of. which arises from changing the sign of x in the set of ‘
equations (14) and the other is the set of equations (14) itself. Then, in virtue

of symmetrical or anti-symmetrical property of each term, we obtain

V< Ey +j("#’HY: - l)s%: } (16)

VX Hi—(jwé+)Eu=Ju

VXE3+. -H(L:"— I(L%, N )
Jokb, ) }( 17)

YV X HL—(j(08+ U_)Es:]us

According to Eq. (16) the electromagnetic field E, and H; due to the sources
T, Joa are magnetically symmetrical, and hence it can be called a field of H-
symmetry. Likewise, from Eq. (17) we know that the electromagnetic field E
and H, due to J.*, Ji; are electrically symmetrical or of E-symmetry.

As the electromagnetic field must be continuous in a homogenious medium,

from the definition of E-symmetry we find

En(‘{‘o):_Eu('—O%
Hl~!/(‘+'0) = "Hmj(“O),
.H;l”(+0> = "‘Hu( “‘O)

Therfore
E*’J(O) :‘th(()) = Hw(()) =0 (18)
This shows that the field satisfies a boundary condition of a perfect magnetic
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S. Uda and Y. Mushiake 1 51

conductor at every point on the plane x=0 in a homogeneous medium. Conseque-
ntly, even if we insert an arbitrarily shaped and sized plane sheet of perfect
magnetic conductor in the medium at =0, a field of E-symmetry dose not
change its intensity at any point. Likewise similar relation holds for a plane
sheet of perfect electric conductor and a field of H-symmetry.

§ 4. A plate and a hele which are mutually dual.®”®

——zp

If a plate of perfect elec-
o tric conductor is placed on the
_ \A:‘(") plane S at x=0, in an isotropic
homogeneous medium. and a

% Symmetrical distribution of

. electric current J is given by
o H,

the following equations

Fizt 2
(A) Symmetrical electric (B A.mi--symmetricafx Ju(®) =N(2). (x>0),
carrent source. and a  magnetic current and L ) _ .
plate of perfect condu-  a hole on an infinitely Je(o=N'(x), (x<0> (13}
ctor. large plane sheet of
perfect conductor where N, N’ satisfy the sym-
metrical relation
N (x)= ~N'2(—x), Ny(x)=N,/(—2), N:(x)=N"(—2x) 20

then, in virtue of Eq. (17) the induced field £, H is E-symmetrical.
Therefore we can put

Ei(x)=F(x)

. Hl(l) ={G(x)

E(x)=F(x) ;
x>0, x<0 20
}( "V = 1EY :
where F, F', G, ¢/, are vector functions whose components are related by the
following equations

Fl,(x) = Fz:/ ( — x) G-l; (x) = G;;("‘ 'Jlf)
E/(x) = El’(—x) : G;/(X) -= "—G']/, ’( - (22)
F.(0) =F/(—x) G:(%) = =G (~x) '

Now, we cover the whole plane x=0 except S, say S, with a plate of
magnetic perfect conductor. Then by the resuit of preceding paragraph we
find that the space is separated into two parts, each of which has independent
boundary, without changing the field intensity at any point.

Next we alter the nature of perfect conductors over § and S, from electric

(51)



2 The Input Impedances of Slit Antennas

to magnetic, and from magnetic to électric, respectively. Moreover we replace
the symmetrical electric current by an anti-symmetrical distribution of impre~

ssed magnetic current
Tt (=N, x>0, Jo((©=—N(, (x<0) 23
Then, the induced field E,, H, are given by the following equations, because
the result of § 2 can be applied for two half-spaces,, x>0 and x<0, separately.
Ex(0)=G'()
L(x) = —yF (%)

E,(x)=—G)

<0 24)
H,(x) =y F(x) } (x<0) (

} (x>0),

Therefore according to the relations (22) we find that this field is E-sym-
metrical. Thus by the result of § 3 the magnetic perfect conductor over the
plane S can be taken away without disturbing the distribution of field intensity.

Consequently we know that the problem of perfect electric conductor plate
over S under a symmelrical distribution of impressed electric current Jys (x) as
shown in Fig. 2 (A), and the problem of holed sheet conductor over S under an
‘anti-symmetrical impressed magnetic current /p.*(x) as shown in Fig. 2 (B), are
mutually reducible from one to another. That is, the solutions of such problems

have the relations

Eo(x) = —Hy (%)

E,(x) = H;(x) l A
x<0 5
H,(x) =vE (%) (x<0) (25)

a0, o VE ()

§ 5. The input impedance of slit antenna.

Now let us consider an arbitrarily shaped slit antenna of Fig. (3), whose
feeding points ¢ and b are connected to an electric source. This electric source
can be interpreted as a magnetic source which is given around a strip of condu-
ctor connecting ¢ and b as illustrated in Fig. 4. It is natural to consider that
the magnctic source is equally distributed on both sides of the strip, but it
must be noted that the direction of its action on the backside is reverse to
that of the front side. Accordingly this magnetic source can be intérpreted as
an anti-symmetrical distribution of impressed magnetic current given by Egs.
(23).

Let u$ reduce next this problem of slit antenna to a problem of a dual
plate antenna. Then, by the result of § 4 the relations (25) exist between the
field E,, H, for the plate antenna of Fig. 3, and the field E, H. for the slit
antenna of Fig. 5. Again let V,I be the voltage and current of electric source

connected to the feeding points «a, b, in Fig. 3, and V’, I’, be that of ¢, d in

(52 )
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Fig, 5. Then, as these electromagnetic fields are E-symmetrical, it gives

[ 4177947/
-
; ) /?/ 5
4 v 4
7 : f ‘ 74
2 v v
A 7 Z £ 7
/ .% 7, ! ,
7 % y "
,/ @ % //‘ K /’/
= o
A 7 7 4
A un U N7 R 7
n 24
OR7 7 %é
A3 A
Do AEY
i LTI
Fig. 3 Fig, 4 Fig. 5
A «}it antenna fed by A ¢lit antenna fed by A plate antenna fed
an electric source, a magnetic source. by an electric source.
b
V= —f Eg'dl,
- £(26)
I= ﬁH,-dl fH dm—f Hyedi= 2f Hyeodl |
cde (+)e (-)ad (+)e
Vi=— f FEredl,
(4 r(27)
9‘}1].41 le dl+f Hedi= zf Hedl
aba (-Jb (+da

where the path of these line integrals are straight line on the surface of strip
in which the source is included, the term ¢ must be integrated from the front
side, and (+) or (—) denotes the integration on the front or back side of the
s_urface respectively.
~ From Egs. (25), (26) and (27) we find
)
V= f Hisdl=
4+

T,

x\a? bt

\!L
(28)
|

o
I=2 f Eiedl=2yV"

€ 53)



o4 The Input Impedances of Slii Aniennas

Let Z be the input impedance of slit antenna at ¢,b and Z’ be that of plate
antenna at ¢, d, then by the relations of Eq. (28) we have
1% 1 I 1

Z: 1 = 47 ° V/ = “4312/‘ v (29)

In the free space, on the other hand, Eq. (7) reduces to

-i/ = (1207)* (30

Introducing this equation into Eq. (29), we obtain

Z7'=(60m)* | (31)

The relations (28), !(29) and (31) are derived without any assumption such
as distribution of magnetic current, and so the shape of slit is quite arbitrary.
Accordingly the input impedance of one-half of infinitely large plane sheet of
perfect conductor which is formed bjr a revoluticnarily or axially symmetrical
figures and fed at «, b, as illustrated in Fig. 6, is independent of frequency
and its shape, and is given always by the expression

Fig. 6 One-half of infinitely large plane sheet of perfect
conductor ;which. has constant input impedance.

1

P
~/ 4

32

where the sign of square root must be taken such that the real part of Z 1is
positive. For example, in the free space Eq. (32) reduces to

Z=607r ohm.

Now, we consider a rectangular slit antenna fed at the middle of it, whose
length and breadth are 2/ and g, respectively.

(54)
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As the equivalent radius of a rectangular narrow plate antehﬂa which has
the breadth a is @/4, well known Hallén’s result can be apphed to the case =0
as follows:

(4%

1 e COSEL -0ty 422
2= n s - (33)
I= sinkl4 1 g Qz
where
8!
0=2log — - . (30

ay, ay, B, 8, are the functions of /. (see appendix) By using Eq’.‘(29)'we obtain

sink/4- ’8 L, B

. LI |
Z= _—l; \/ g 'Q Ohm (35)
Qcoskl+a, + __()f“'

If the length 2/ is nearly equal to a half wave length A/2, in the right-hand

S re0 i
€00 | . \>\\ —F 2400 ‘; 2% |
AN A |
500 / / i g ‘/ -~
7 [1] Sl AN gt
‘,:%400 7 vo/ f + ] ) \ \\ -
A B | WL
£ 300 AN / LN oo VI =
&

| & ] N 0 : A \ ,4;' ' :
200 / / ‘ - \ | ' B _ °‘\\ \
/ i ‘ \.—\ ~i00 ” \

<J
™S
,/

. ~200
o ' . 1 7
0.7 0.8 0.8 1.0 1.3 1 e
Fa PrS V-
# . %
¥ig. 7 The input resistance of a Fig. 8 The input reactance of a
rectangular «lit antenna. rectangular siit antenna.
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56 The Input Impedances of Slit Antennas

side of this equation the influence of 3,/Q* on the numerator may be smaller
than that of a,/{) on the denominator, because cosk/=0, while sink/:=1. Hence
we neglect the term 3,/Q?* Thus, in free space we obtain the following appro-

ximate equation
sinkl+-25 .
* 0 \

Z=j607? - - A2 - Ohm,/l-=,M_72L_/! A )
' Qcoskl-+a,+ .D;_ .

In Fig. 7 and Fig. 8 real and imaginary part of Z, i.e. resistance R and reac-

tance X, are plotted against /.

“When the length of slit is nearly equal to one wave length, a similar appro-

ximation can be done.

§ 6. Slit antenna system.

Let us investigate on the relation which exists between the general equations
at the feeding points of a slit antennas and those of dual plate antennas. v
Let Vi, I, Vi, I be respectively the impressed voltages and the feeding
currents of mutually dual slit and plate antenna systems. Then the general

relasions of these quantities may be written in the form

VeeS Zl, 3D
$=1

V'rl = 2 er,]s/ ' (38)
=1

It goes without saying that these two equations are not derived from the
assumption of current or voltate distribution as made by other investigators, but
derived from Maxwell’s equations and boundary conditions only.

On the other hand, as the system V, [ and V', I’ are mutually independent,
such a feeding that satisfies the similar relations to Eq. (28) can exist: i. e.

Vo= - ; I, | l
(39)
L2y |
Eliminating V,/, I,/ from Egs. (38), (39), we obtain
1 I.:;é" 7.V, (40>
4'\/ ? ra S S 4
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or solving for Vi, leads to
V= LSy | (41)
r 47 1§ LS -
s=1
where the matrix of Y./, or {(Y”} is inverse matrix of (7).

Now we compare Eq. (41) with Eq. (37). As every I; is independent and can
take quite arbitrary value, there must be the condition '

1

er = —4‘7— K‘s, (42)
or expressed by matrix
1
(Z)= 747[ ! 433

The result may be said as follows. The input impedances of a slit antenna
system Z, are determined from those of dual plate antennas by means of Eq.
(43) and also there holds always the general equation (37).

- 8 7. Counclusion.

So far as the authors are aware Egs. (29) (43) are derived always from the
assumption of distribution of magnetic current on the slit antennas by means of
the idea of radiated electric power<1><2><7>. The result of this study, however,
shows that these equations can be derived directly from the relation of voltage
and current without any such assumption, and hence it is clear that these results
can be applied to arbitrarily shaped slit antennas.

For the input impadances of slit antennas, the expression formerly obtaind
by other authors is the one whjch corresponds only to that of Labus® for

ordinary half wave length linear antenna. But in this paper the éxpression which:
‘ corresponds to Hallén’s equation is derived.- Accordingly Eq. (35) is directly
applicable for a slit which nas arbitrary length, while the former expression can
not be ‘applied for the slit, tne length of which is nearly equal to one wave
length. If the length of slit is nearly equal to half wave length, there is no great
difference in their results, but the authors convince that the idea taken in the
above method is more progressive one than so-called “M. M. F. method” which
-is based upon an assumption of distribution of magnetic current.

(57
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Appendix.'

According to the result of Hallén a,, 8,, and «, for perfect conductor are
‘given as follows :

2

= _é_[coskz | C(4kD) —2C(2kD) } —sinkIS (4kl)}
+—§—[coskl {S(4kD — 2s<2kz>,+smeC(4k7>]

oskl {4S(2kl)—S(4kD) | +-sinkl | 2C(2klj —C4kl) +4log2;]

ll

1

| E—

_1.{
2
+%[coskl C(4kl) 4C(2k1D) | -+-sinkl {2S(2kI)—S(4ED) ! _l

_ Utk (-6

-where
C (@) =ry+logz—Ci(2),
S ()=Si (2, y=05772156.. .. .. ,

P—x®

Fy (%)= — (coskx—coskl) log —

(98 )
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g coskx | CL2RCH2) |+ CI2(—2) | +3S12kU-+2) | +752hl—)] |
— _;_ sinksx [S{Zk(l—l—x) § —812k(l—2) 1 —jC{2k(U+2) | +7C{2k(I—2) | 1
—coskl | CHRU+D) {+ClkU—2)! 48 hAU+D)} S (=)} }

(B, is omitted.)

C(59)
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