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Impedance Properties of Complementary Multiterminal
Planar Structures*

GEORGES A. DESCHAMPSt

Summary—Booker has shown that Babinet's principle, properly
extended to electromagnetic fields, leads to a simple relation between
the impedances of two planar complementary structures. A relation,
which generalizes this resulf, is found between the impedance ma-
trices of two complementary n~terminal structures.

This relation is applied to the particular n-terminal structures
having n-fold symmetry and to those that are also self-complemen-
tary. In the latter case the impedance matrix is real and entirely
determined by the number of terminals. It is therefore independent
of the exact shape of the elements composing the structure and of the
frequency. By connecting in groups the terminals of such a structure
various impedance levels, all frequency independent and real, may be
achieved.

Structures having their terminal pairs in different locations in the
plane are also considered. A self-complementary two-port structure is
found to be equivalent, from the impedance point of view, to a length
of lossy transmission line having a characteristic impedance of 60r
ohms.

INTRODUCTION

ABINET’S principle, generalized to electromag-
B netism, gives a relation between the fields scat-
tered or diffracted by two complementary plane
structures. The structures to which the principle ap-
plies are made of infinitely thin perfectly conducting
sheets of arbitrary shape. Two such structures are called
complementary if one is obtained from the other by ex-
changing the open and the conducting portions of the
plane.

After obtaining this generalized principle, Booker!
showed that it implies a precise relation between the im-
pedances of a pair of complementary two-terminal
structures measured between closely spaced terminals
in the plane of the structure. For example, a narrow slot
in a conducting plane, excited across its center, and the
complementary narrow strip, forming essentially a di-
pole with a gap at the center [see Fig. 1(a) ], have their
impedances Z; and Z; related by

Z1Zy = (36)* M

where { is the intrinsic impedance of the surrounding
medium (in free space, or in air, 1{ is practically 607
ohms). The same result holds for any pair of comple-
mentary two-terminal structures.

The first problem considered in this paper is the gen-
eralization of (1) to structures that have more than two
terminals. Fig. 1(b) is an example of two complemen-
tary three-terminal structures. Since the impedance prop-
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Fig. 1—Two-terminal and three-terminal complementary structures.

erties of these structures are now represented by ma-
trices Z; an Z; it is readily seen that the relation be-
tween them must take a form different from (1).

Motivation for this investigation came from work
done at the University of Illinois on frequency inde-
pendent antennas. It had been noted by Mushiake and
Rumsey? that Booker’s relation implies that a two-
terminal structure congruent to its complement, 7.e.,
“self-complementary,” must have an impedance equal
to 607 ohms independent of the frequency. Examples of
such structures are shown in Fig. 2. For Fig. 2(a), made
up of two right angles, the impedance can be computed?
directly and is indeed 607 ohms. The structure in Fig.
2(b) obtained by rotating the arbitrary curve C about O
through angles multiple of 90° has also a frequency in-
dependent impedance of 607 ohms.

These considerations may seem of little practical im-
portance since any self-complementary structure con-
tains equal areas of conducting sheets and openings and
must therefore be infinite. However, it was found by
Rumsey,? and DuHamel and Isbell* that for some struc-
tures of this type fed at the center the currents in the

2V, H. Rumsey, “Frequency independent antennas,” 1957 IRE
NaTioNAL CoNVENTION RECORD, pt. 1, pp. 114-118.

3 R. L. Carrel, “The characteristic impedance of two infinite cones
of arbitrary cross section,” IRE TrRaANS. ON ANTENNAS AND PROPAGA-
TION, vol. AP-6, pp. 197-201; April, 1958.

¢ R. H. DuHamel and D. E. Isbell, “Broadband logarithmically
periodic antenna structures,” 1957 IRE NATIONAL CONVENTION
REcorp, pt. 1, pp. 119-128.
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Fig. 2—Self-complementary two-terminal structures.

conducting sheets, and the electric fields tangent to the
complementary openings, decrease rapidly with dis-
tance. The exact law of decrease has not been found but
it is faster than 1/r. As a consequence the structure may
be truncated at a finite distance without affecting the
input impedance. Fig. 2(c) is an example of such a struc-
ture. The impedance measured at O is found to be close
to 607 ohms down to a frequency where the “end effect”
becomes noticeable. (This occurs when the distance
across the outside teeth approaches half a wavelength.)

Isbell and Mayes considered structures made up of
several conducting sectors of this type. By connecting
the terminals in groups they were able to obtain fre-
quency independent impedances with values different
from 60r.

One purpose of this paper is to show that the meas-
ured values can be predicted by using a proper extension
of Booker’s relation. The extension makes it possible to
compute exactly the impedance matrix of a self-com-
plementary #n-terminal structure having #n-fold sym-
metry. This result also gives, through a simple transfor-
mation, the characteristic impedance matrix for TEM
wave propagation along symmetrical cylindrical and
conical structures. Planar structures with terminal pairs
at various locations in the plane are also briefly consid-
ered.

GENERALIZATION OF BOOKER’S RELATION

Consider the feed region of an #-terminal structure
where z conducting sectors come together at a point O
(see Fig. 3). Assume that these sectors are limited to the

— —

Fig. 3—Feed region of the #-terminal structure.

outside of a sphere S small compared to the wavelength
of operation. A source located inside .S may be con-
nected in several manners to these terminals producing
different field configurations about the structure. Since
the sphere is small we may describe the various possible
connections as we would for a low-frequency circuit
without regard for the exact shape of the conducting
leads. The situation is completely specified by indicating
which groups of terminals are connected to the two
terminals of the source. For each such grouping a defi-
nite field configuration will result and a definite imped-
ance will be seen by the source.

The method of solution will consist of associating
those field configurations produced about complemen-
tary structures that are related by duality. From their
comparison a relation will result between the corre-
sponding voltages and currents at the terminals and
therefore between the impedance matrices of the two
structures.

Referring to Fig. 3, consider the various directed
paths of integration designated by a1, a@s « - - @., by,
ba, + + + bs. They are drawn in the region I above the
plane of the structure, very close to it, and have their
beginning and end points in the plane. The b paths go
from metal to metal and the ¢ paths from opening to
opening.

For any path ¢ and any vector field U, let us intro-
duce the shorthand notation ¢+ U toindicate theintegral
of the vector U along the directed path ¢.

c-U=ch-ds. (2

Let F=(E, H) be an electromagnetic field produced
about the given structure by some configuration of
sources inside 5.

The voltage difference between terminals ¢ and 441
is the integral of the vector E along the path b;

Vi— Vi = biE. 3
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The current I; flowing into terminal 7 may be ex-
pressed by

I;=2¢;H. 4

This is seen by noting that the field F has even sym-
metry with respect to the plane of the structure and
that @; and its image by reflection in the plane (with
orientation reversed) form a loop enclosing the i4th
terminal,

The integration paths @ and b may be somewhat dis-
torted in the region of the feed point without changing
the values of the integrals (3) and (4).

Consider now the complementary structure obtained
by replacing the open portions of the plane by conduct-
ing plates and replacing the metal by apertures. An ac-
ceptable solution for the electromagnetic field about this
structure is obtained by taking the dual of F on one side
of the plane (Region I for example) and the negative of
the dual on the other side (Region II). This gives a field
that has even symmetry with respect to the plane and
satisfles the new boundary conditions.

The dual of a field F=(E, H) is defined by

F' = (E, H) = (—{H, 4E) (5)

where { and 7 ={"1! are respectively the intrinsic imped-
ance and the intrinsic admittance of the surrounding
space. It is a simple matter to verify that F’ satisfies
Maxwell’s equation when F does.

For the field equal to 7' in I and to —F’ in 11 rela-
tions similar to (3) and (4) will hold

I/ = 2b;-H'. (6)

V-;' —_ V’i+1 = llz'+1'El. (7)

They define a set of currents and voltages that may
exist at the terminals of the complementary structure
and can be produced by a proper arrangement of

sources in .5,
Making use of (5) these may be expressed as

If = 29V — Viga), )

Vi — Vi1 = 3¢l %

(By convention in these formulas as well as in (3),
(4), (6), (1), n+1is taken as equal to 1.) Formulas (8)
and (9) may be collected in matrix form by introducing

the vectors V, I, V/, I’ having for coordinates (V;), (I;),
(VS), (I), respectively, and the matrix

1 0 0---0 —1
-1 1 0---0 O

A= 0—-1 1.-.0 0] (10)
0 0 0---—11
Then (9) and (8) become:
AV! = 1, (11)
ATV, = $¢I', (12)
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(A” denotes the transpose of A.)

These relations are general in the sense that to a con-
dition specified by V and I on one structure is asso-
ciated another condition described by ¥V’ and I’ on the
complementary structure.

In order to proceed we have to express the relations
between ¥V and [ and those between V' and I’ which de-
scribe the properties of the two structures. We shall
only consider the case of truly z-terminal structures,
i.e., those that may be fed arbitrary currents I=(Iy, Is,

-, I.) with the only restriction that 2 I;=0. The
field configuration about the structure then depends
upon z—1 independent parameters. When these are
given, the voltage difference between any pair of ter-
minals is defined and depends linearly on the vector I.
Instead of choosing one of the terminals as a zero refer-
ence for the voltage it is convenient to use # voltage
parameters V= (11, V,, - - -, V,) related by the condi-
tion D, V:=0. An impedance matrix may then be con-
structed such that

V=2 (13)

operates in the # —1-dimensional space P defined by the

. relation

k=n

2 X=0 (14)
k=1
where the x; are the coordinates of a point.

A similar impedance matrix Z’ describes the comple-
mentary structure

V= 2T, (15)

Starting from a given vector I in space P the voltage
vector V results from (13). Then the vector I' =29ATV
represents a set of currents feeding the complementary
structure and producing the voltage V' =2'I". But from
relation (11), I=241". Finally

AZ'ATZI = 12T (16)
for any vector in P.
This will be expressed by
AZ'ATZ = 12, a7

The sign = is to remind one that the two sides are
equivalent only when applied to vectors in P. The left
hand side transforms any vector into a vector belonging
to P and therefore could not be equal to the right hand
side without this restriction.

Eq. (17) is the generalization of Booker’s relation to
n-terminal structures. It will now be applied to sym-
metrical structures and then to self-complementary
structures.

STRUCTURES WITH #-FOLD SYMMETRY

Let us now assume that the structure has #-fold ro-
tational symmetry. This means that a rotation through
the angle §=2x/n carries the structure upon itself. For
example, Fig. 4 shows two complementary structures
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Fig. 4—Two complementary structures having four-fold symmetry.

with 4-fold symmetry. The corresponding matrix Z (and
Z’ for the complementary structure) will be completely
determined by its first row. The next row is obtained by
shifting all the elements one step to the right and taking
the last element to the first place. The following rows are
obtained by the same method and we may write:

ZO Zl Z‘l cott Zn.—l
Zn—l ZO Zl e Zn.—2
Z = Zn—2 Zn—l ZO et Zn—3 . (18)

Lzl ZZ Z3 st Zﬂ

Because of the symmetry of the matrix Z, Z...=24,
Zas=2y -+ and the number of parameters is ac-
tually (n+1)/2 for » odd and #/241 for # even.

Rather than using matrix notation it is convenient to
consider Z as a sequence of # numbers

Z = (ZuZl e Zn_l).
Similarly, ¥V and I are sequences of # numbers
V=(V,ViVa++-Vp),
I = (InI1[2 A In_l).

(By convention, the index # is equivalent to zero or,
more generally, any index is defined modulo #.)
The relation between ¥ and I becomes

Vi= 2, Zialy (19)
3
and is then expressed as a convolution
V=2Z+I (20)

In order to represent the product by the matrixAasa
convolution we introduce the sequence
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U=(100---0)

which plays the role of unity for the convolution prod-
uct (U # X =X for any sequence X) and the sequence

S=010---0).

Convolution of any sequence X by S has the effect of
shifting each element of X by one step to the right and
bringing the last element to the first place.

Multiplication by A then becomes convolution by
U —S. Introducing also the sequence

S=00---01)

S# operates a shift by one step to the left and multiplica-
tion by AT becomes convolution by U—S.
The basic relation (17) between Z and Z’ becomes

(U =8)#Z'+(U—3)=Z=1 (21)

or commuting and reducing the factors, making use of
the fact that S * S=U,

QU-S—-8)»z'+2z=k" (22)

[As for (17), this has to hold only when applied to a se-
quence 7 such that > I, =0.]

The usual technique for handling an equation of this
type is to apply a Fourier transformation which will con-
vert the convolution into an ordinary product. In the
case of finite sequences thisis also known as finding the
“symmetrical components” of the sequence.

Introducing e= exp 2#j/# and the matrix

1 1 1 S |
1 ¢ € < el
T = l 1 & &t NPV (23)
‘.1 el 2=l L E(n—1)2/|
The transform of a sequence
XN = (XXX
is the sequelnce
x = (xpx1 * - - Xy_y) (24)
obtained by
x=TX

where x and X are considered once more as column vec-
tors rather than sequences. The inverse transformation is

1
XN =T"1%=— T*x
n

(25)

The asterisk means the complex conjugate. We shall
systematically denote the transform of a sequence by
the lower case letter corresponding to the capital letter
describing the given sequence. Thus the transform of U
is the sequence

(171:"'1)
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and the transforms of .Sand S are, respectively,

- en—l)

. e—(n—l)).

s=(1,¢ -
s1=(1,¢1 -
Eq. (22) becomes

(2u — 5 — s D2z’ = L (26)

Projecting this relation on the space P simply
amounts to neglecting the zero component in the equal-
ity. Eq. (26) becomes

, ., T (1 §_>2
ZmZm SID2 — = | —
: n 4 27

for all m=£0.

This is the complementarity relation for symmetrical
structures. It implies that if the impedance properties
of a symmetrical structure are known, those of the com-
plementary structure can be determined. Each sym-
metrical component or eigenvalue of the impedance
matrix satisfies a relation similar to the original Booker's
relation modified by a factor sin? mn/% depending on the
order of the component and the number of terminals.

SELF-COMPLEMENTARY SYMMETRICAL STRUCTURE

A self-complementary symmetrical structure (with #-
fold symmetry) may be obtained as shown in Fig. 5.
Starting from a curve C, extending from the origin O
to infinity, rotations of w/# about O bring it successively
in positions Co’, C1, €, Co, + « =, Coa, Cut’ (Cn coin-
cides with (). If the alternate sectors C; to C/ are
filled with conducting plates, the structure obtained will
have #n-fold symmetry since a rotation of 2w/% brings it
onto itself, and it will be self-complementary since a
rotation of half that angle transforms it into the com-
plementary structure.

By choosing for Cy a curve with some oscillations in it
or taking a zigzag line as was done by Isbell, a structure
is obtained with small end effects. Impedance measure-
ments may be taken on a truncated structure and they
should agree with those taken on the infinite structure.

In the relation (27), 2.’ =2, therefore

¥

Iy = ——————
. 0
sin | # —

n

The symmetrical components of the admittance se-
quence may be taken as

m # 0. (28)

. m
YV = 4y sin v —
7

m #= 0. (29)
(As noted above we may assume 2,=%9=0 since both
the zero order symmetrical components of 7V and I have
been assumed equal to zero.)

By using the inverse transformation (25) the compo-

nents of ¥ may be evaluated.
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Fig. 5—Self-complementary symmetrical structure
(nine-fold symmetry).

After some computation it is found that

6

sin —

Y =

; (30)

s |5

‘ ]
cos mf — cos —
2

where 8 =27/#n is the angle of one sector of the structure.
Only the coefficient Y, is positive; all the others are
negative and they add up to — ¥ since y,=0.

It should be noted that the 2z, and v, are also the
eigenvalues of the matrices Z and Y belonging to the
eigenvectors I, or V) represented by the mth column
of the matrix 7.

The formula (30) for Y, has a simple graphical inter-
pretation which may be useful to see how the coeffi-
cients of Y vary with # and m. If a circle is divided in #
equal parts (see Fig. 6 where we have assumed #=3)
the values of cos m#f are read on the x axis as OM,. Con-
sidering the point 4 at angle 6/2 on the circle, the slope
of the line 4 M, is proportional to ¥, (more exactly the
slope equals —# ¥,./47).

The admittance matrix, or the impedance matrix, of a
symmetrical self-complementary structure is entirely
defined by the number # of terminals. The coefficients
are real and independent of frequency.

NUMERICAL RESULTS—EXPERIMENTAL VERIFICATION

When the admittance sequence (¥,,) is known, the im-
pedance properties of any combination of terminals can
be computed by simple circuit analysis techniques.

A systematic procedure can be found to deduce first
the admittance matrix resulting from a grouping of the
# terminals into p sets of connected terminals. If
C=(C;;) is the p X # connection matrix defined by Cy;=1
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Fig. 6—Construction for the coefficients Yy, (case n=3).

when terminal 7 belongs to set 7 and C;;=0 otherwise,
the reduced admittance matrix is
Ve = CTYC. (31)

If the source is connected between group j and group
k, all the I's are zero except I; and [, = —7;. The volt-
ages are unknown except for the difference V;— V. The
equations are in sufficient number to define the ratio of
V;— Vi to I; which is the impedance sought.

The computations have been carried out for a number
of configurations involving up to 7 elements and the
results compared to experimental measurements.

The measurements are difficult because the feed lines
of finite dimensions always disturb the ideal geometry.
The thickness of the metal plate is also an important
factor. In view of this, the agreement with observed
values may be considered as satisfactory.

A plot of measured impedances obtained by D. Isbell
and W. Guffey vs computed values (see Fig. 7) leads
to the following observations. The experimental values
are systematically below the theoretical ones. This may
be explained by the finite thickness of the plate and in
fact the agreement becomes better for thinner sheets.
The percent error for a given thickness increases almost
linearly with the number of terminals, independently of
the manner in which they are connected.

Disagreement with the theoretical, real, and fre-
quency independent wvalue of the impedance is ac-
companied by a small variation of the impedance with
frequency about a point on the real axis. This variation
is of the same order ° magnitude as the disagreement.
For log-periodic structures the variation is periodic over
an approximately circular locus. The values used in
Fig. 7 are average impedances corresponding to the
center of these circles.

Theoretical values for some of the configurations con-
sidered are represented graphically in Fig. 8. It is clear
that by increasing the number of terminals, a large
range of frequency independent values can, in principle,
be obtained.
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Fig. 8—Table of impelf3i¢e levels obtained for various configurations
of terminals. For each configuratj..a, the two groups of terminals
connected to the source are represented by small circles. The
floating terminals are represented by black dots.

APPLICATION TO SOME ELECTROSTATIC AND
TEM PROPAGATI®N PROBLEMS

Egs. (17), (22), and (24)-""9) have been derived
without reference to the parle *lar shape of the ele-
ments composing the str' “fure Tiey do of course apply
when these elements aic 51mple angular sectors limited
by straight lines [see Fig. 9(b)]. It is known, however,
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Fig. 9—Related electrostatic and TEM propagation problems,

that these special conical structures support TEM
modes of propagation and the admittance matrix of the
infinite structure then becomes the characteristic ad-
mittance matrix.

Furthermore the characteristic admittance is simply
related to the capacitance matrix of the trace of the
structure on a sphere of center O,

Yy C
= (32)
n €

The complementary relations (17), (22), and (27)-
(29) therefore have their counterparts for the capaci-
tance of structures made of conducting arcs on a circle.
For example, a structure made of equal conducting arcs
of circles [see Fig. 9(d)] separated by equal openings,
has a capacitance matrix represen* -hle by a sequence:

ol —

(33)
7 0
cos mf — cos —2~

(Note that this assumes ».Qn=0. hence dves not give
information about the capacitanc. uf the whole struc-
ture connected at a giv  potential with respect to in-
finity.)

The circular structure may be placed on an arbitrary
sphere and considered as the trace of a conical set of
plates [Figure 9(a)]. The characteristic admittance
matrix of this conical structure is the same as that of
the planar structure fror which it comes.?

Finally the circular - .ucture may be thought of as
the trace of a cylind cal set f plates [Fig. 9(c)] and
the characteristic admitta atrix is again the same
as for the planar struc: -~ l
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The appropriate complementary {formulas could have
been proved directly for each of these structures but it
is worthwhile to note the relations between these prob-
lems.

STRUCTURES WITH SEVERAL TERMINAL REGIONS

The structures considered so far had all their termi-
nals coming to a point or in practice connected to
sources inside a region small in terms of wavelength.

One may also consider structures having terminals at
different locations in the plane. Fig. 10 shows an exam-
ple of a five-terminal structure having two terminal re-
gions. The terminals may be numbered (1, 2, 3) (4, 5).
Those of the complementary structure will be (17, 2/,
3 (4’, 5’) as shown in the figure. By convention 741 is
the terminal “next to” ¢, thus 34+1=1, 5+1=4. Itis
convenient to use as voltage parameter V;, the poten-
tial difference between terminal 7 and 74+1. The sum of
the V; as well as the sum of I; is thus zero for every
terminal region.

Introducing the shift operator defined by

11 I2
12 IB
S 13 = .[1 ) (34)

"
Is
the relation between the impedance matrices of the two
complementary structures becomes

1]

2’7 = %S, (35)
There again the sign = means that the two sides of the
equation give the same result when applied to a vector I
such that Y I,=0. Eq. (35) is obtained by the same
method as (17). This is an alternative form of comple-
mentarity which could have been used instead of (17).
The only difference is in the choice of the voltage param-
eters. Those used in (17) were found more convenient
in solving the problem of grouping of the terminals.

Two-PORT SELF-COMPLEMENTARY STRUCTURES

A case of special interest is that of the two-port struc-
ture, having two terminal regions with two terminals
each. ,

Choosing at each location, 1 aid 2, a +terminal, the

[ :|
IZ

are defined as those flowing into 1 and 2., the voltages

-[]

(36)

(37)
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Fig. 10—Planar structure with 342 terminals,

are respectively the voltage differences between 1,, 1_
and 2, 2_. The impedance matrix Z relates 7 and I.

V= zI (38)

Fig. 11 shows a self-complementary two-port struc-
ture. By reflection into the straight line this structure is
transformed into its complement.

Applying the duality transformation to the field as
was done in (6)—(9) it is seen that

Vl, = %?117

I/ = 2V, (39)
while

Ve = — 31y,

I = — 2qVs. (40)

The sign reversal comes from the fact that in the dual-
ity transformation each quantity (V' or I’) is related to
the dual quantity ( or V) belonging to the terminal im-
mediately to its left (seen from the region above the
plane). At location 1 in Fig. 11, this relates the two +
terminals, but at location 2 it relates the 4 terminal to
the — terminal of the reflected structure.
Introducing a matrix

+ 0
- = < 0 _) (41)
the formulas (39) and (40) may be expressed as
V' = Yol
I' = 290V, (42)
and using (38) which applies also to 7/, I,
leal = Z2poV (43)
or, finally,
(¢2)? = i (44)
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Fig. 11—Self-complementary two-port structure.
This is the relation that Z must satisfy in order to

represent the self-complementary structure.
Explicitly, if

Z VA
7 - ‘ 11 Zi ’ (45)
Z21 Z22
it follows that
{ Zu = Z22
Zut — Z1t = 5% (46)

This may be recognized as the impedance matrix of
an ideal attenuator having a characteristic impedance of
607 ohms. The attenuation and phase shift through the
element cannot be found from the symmetry considera-
tions but depend on the form of the structure.

Another method of proving the equivalence with an
attenuator is to consider the transformation of imped-
ance (or reflection coefficient) through the two-port. If
a resistive load of 607 ohms terminates 2, an impedance
of 607 ohms will be seen at 1. Ploting 607 at the center O
of the reflection chart as in Fig. 11, the point O becomes
its own image (iconocenter of the transformation). If
an open-circuit load P is mapped at point P’, the short
circuit load Q will be mapped at ¢’ corresponding to the
reciprocal impedance with respect to 60x. The segment
Q'P’ has therefore O as its middle point. The image of
the unit circle I' is a concentric circle I, An equivalent
circuit for the structure is therefore a length of trans-
mission line with 60r ohm characteristic impedance in
cascade with an ideal attenuator.
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